Abstract-This paper presents a robust fixed lag smoother for a class of nonlinear uncertain systems. A unified scheme, which combines a nonlinear robust estimator with a stable fixed lag smoother, is presented to improve the error covariance of the estimation. The robust fixed lag smoother is based on the use of Integral Quadratic Constraints and minimax LQG control. The state estimator uses a copy of the system nonlinearity in the estimator and combines an approximate model of the delayed states to produce a smoothed signal. In order to see the effectiveness of the method, it is applied to a quantum optical phase estimation problem. Results show significant improvement in the error covariance of the estimator using fixed lag smoother in the presence of nonlinear uncertainty.
I. INTRODUCTION
The determination of estimate using past and future data is termed a smoothing problem and has been extensively studied in the literature [1] , [2] , [3] . Fixed lag smoothing a smoothing technique used where it is desired to calculate state estimate at a fixed time lag δ behind the current measurement. That is, a smoothed state estimate,x(t|t + δ) is desired at time t, given data up to time t + δ. The design of a continuous time fixed lag smoother with optimum performance presents a significant challenge due to the presence of delay which means that asymptotic stability cannot be guaranteed. In order to solve instability issue Chirarattananon and Anderson presented an approach in [4] which can produce an asymptotically stable suboptimal smoother under some conditions.
In this paper, we present a unified scheme which combines a nonlinear robust filter with fixed-lag suboptimal smoother and produce an asymptotically stable filter in the presence of nonlinear uncertainty. The nonlinear robust filter scheme used in this paper is similar to the one presented in [5] . However, here we use the infinite horizon case. This approach is based on the minimax LQG theory [6] and uses Integral Quadratic Constraints (IQCs) to characterize the nonlinearities in the system. This robust filter is very useful and its effectiveness is revealed in its application to a phase estimation problem for a quantum optical system. A full version of this paper can be seen in [arXiv: 1309.2024 ].
The main contributions of this paper are as follows:
• Design of an infinite horizon continuous time stable robust fixed lag smoother for a nonlinear uncertain system.
• Application of the scheme to an adaptive phase estimation problem for a quantum optical system. 
II. SYSTEM DEFINITION
Let us consider a system on certain probability space driven by the noise input W (·) as follows (see also [5] ):
. . .
where x(t) ∈ n is the state, w(t) ∈ m is the estimated output, ζ 1 (t) ∈ h1 , · · · , ζ k (t) ∈ h k are the uncertainty outputs, ν 1 (t) ∈ h1 , · · · , ν g (t) ∈ are the nonlinearity outputs, ξ 1 (t) ∈ r1 , · · · , ξ k (t) ∈ r k are the uncertainty inputs, ν 1 (t) ∈ , · · · , ν g (t) ∈ are nonlinearity inputs, and y(t) ∈ l is the measured output.
The nonlinearity inputs are related to the nonlinearity In order to delay the estimated signal an approximate model for a delay δ is required to be augmented with the system (1).
The approximation of the delay by a linear finite dimensional system is given as follows:
where x a (t) ∈ na . Also, F a , Ga, H a and J a are chosen such that (6) approximates the actual delay operator and the approximate system remains asymptotically stable (see [4] ).
Let us combine (1) and (6) to form an augmented system which represents a new system where signal w(t) is delayed by δ.
where x p (t) ∈ n (n =n + n a ) and
Note that measurement equation remains same. The delayed signal w a (t) which is need to be estimated is written as follows:
where
. The model (6) delays the signal w(t) by amount of δ as follows:
The optimum filtered estimate of w a (t + δ) is an approximation of the fixed-lag smoothed estimate of w(t); i.e.
Note that the augmentation of the delay in (7) does not affect the signal w(t) and the measurement y. This augmentation is only an artifact to solve the smoothing problem under consideration. The nonlinear dynamic state estimator with smoother chosen for the system (7) is as follows:
The nonlinear dynamic estimator (11) is designed such that it provides an upper bound on the following cost functional:
The problem of smoothed state estimation is to use the system (11) to find a state estimate for the system (7) by considering the cost functional (13). This problem can be transformed to a linear control problem for the system (7) with repeated nonlinearities by using the following compact form of the estimator (11).
whereỹ
The main idea here is to characterize the repeated nonlinearities (2) and (12) by certain IQCs. The condition (3) for both (2) and (12) imply that the following IQCs are satisfied (see [5] for details):
for all i = 1, · · · , g. Here theS 1i ,S 2i ,S 3i are any positive definite matrices. The system (7) can be written in a compact form as follows:
and J 21 is any suitable matrix satisfying J 21 > 0. Considering these new variables, the IQCs (4), (15), (16), and (17) can be written as follows:
for all
The constraint on theM (λ) is defined as follows:
Assumption 1: There exists a square matrix function J such that we can write
Assumption 2: There exist a constant d 0 > 0 such that
for all t. Assumption 3: There exist a constantτ > 0 such that the following conditions hold:
1) The algebraic Riccati equation
has a symmetric positive definite solution.
2) The algebraic Riccati equation
has a symmetric nonnegative definite solution. 3) and ρ(Y X) <τ
where ρ(·) denotes the spectral radius of a matrix and
If all the given assumptions are satisfied then filter and smoother gain are calculated as follows:
The gainB c consists of two components of gains. The first component is the nonlinear robust filter gain of sizen × g and other component is the smoother gain of size n a × g. The remaining parameters in (14) can be determined using the following relations (see [6] ):
The corresponding guaranteed cost bound is given by the following relation.
A. Error covariance
Let us define the error covariance of the suboptimal smoothed estimate as follows:
(29) In order to find P sa (t|t + δ) it is required to write closed loop system using (7) and (14). The uncertainty input can be written asξ = ∆ζ where |∆| ≤ 1.
Also, (14) can be written as follows:
and finally,
The augmented closed loop system is given below.
The error covariance (29) can be expanded to yield following relation:
where P(t, τ ) = E[X(t)X(τ )] is the steady state error covariance matrix which can be obtained by using following Lyapunov equation for the stationary system:
Also, P(t + δ, t) = Φ(δ)P(t, t) and P(t + δ, t + δ) = P(t, t), where Φ(δ) is transition matrix associated with (33):
IV. EXAMPLE
In this section, the scheme developed above for the fixed lag smoother is applied to a phase estimation problem for a quantum optical system. This example is taken from [7] where an adaptive homodyne technique is applied to estimate the phase by linearizing the system. The governing equation for this system can be written in the form of a stochastic differential equation as follows:
where dV (t) is a Wiener increment satisfying (dV ) 2 = dt. The homodyne photocurrent is given by the following relation:
where dW (t) is a Wiener increment independent of dV (t).
A. Uncertainty Modelling
The measurement equation (38) of the optical system is a nonlinear equation. However, we can approximate the model (37), (38) with a linear system having a sector bounded nonlinear uncertainty. Let us define µ 1 := φ−u where u =φ is the controller/estimator output and y = f (µ 1 ). Hence, we can write (38) using the following relation (see Fig. 2 and [8] ): where β is the slope of the tangent on the curve at µ 1 = 0. Finally we can write a linear system model with sector bounded uncertainty as follows:
whereȳ(t) =ỹ (t) 2αβ ,ỹ = I(t) + 2αβu(t) and f 2 (µ 1 ) ≤ γ 2 µ 2 1 . We assume that the sector is defined by the region γ (see Fig. 2 ) andf (µ 1 ) = f (µ 1 )γ.
B. Smoother design
The uncertainty model of the original system under consideration in (40) can be written in the form (1) as follows:
where ∆ 1 represents the uncertainty in system parameters. However, in this example, we only consider uncertainty in measurment Therefore, ∆ 1 = 0. The measurement uncertaintyf (µ 1 ) satisfies the IQC (4). A comparison of the above model with (1) gives the following model parameters:
The values of the system parameters are given in Table I . The augmented system model parameters in (7) using second order Pade approximation of the delay δ = 3.1µ sec can be obtained as follows: 
Considering the above model parameters, the matrices defined in (18) are given as follows: 
For the above definition of the model, assumptions (1) and (2) are satisfied for J(t) = I and 0 < d 0 ≤ 1. From the definition of the IQC (19) we have
and its inverse is given by
The constraints on λ i for i = 1, 2, 3, 4 due to (20) are given below:
For the values of the parameters given in Table I , the minimum value of the bound (28) obtained using an 'Interiorpoint' numerical optimization method is V τ = 0.15 atτ = 1.13 × 10 −6 and the values of the λ i for i = 1, 2, 3, 4 are obtained as follows: 
C. Closed loop simulation
In this paper, simulations with both linear and nonlinear uncertainties have been performed for ∆ varying from 0 to −1. The linear simulation gives an insight into the behavior of the error covariance of the system with varying uncertainty. Linear simulation also enables comparison of the nonlinear guaranteed cost filter (NGCF) with the robust smoother of this paper for different values of uncertainty. Since the nature of the uncertainty in the given system is actually nonlinear therefore, a Monte-Carlo simulation using Simulink has also been performed for the closed loop system and result is presented in the section.
D. Linear Simulation
A linear simulation with uncertainty has been performed for the closed loop system with and without the smoother. For this example, the matrix ∆ is defined as follows:
where ∆ 2 represents the uncertainty in measurements. Error covariance for the system with smoother is calculated using (34). Solid blue line in Fig. 3 represents the error covariance of the nonlinear guaranteed cost filter (NGCF) and red broken line represents the error covariance of robust smoother. Also, ∆ 2 = 0 means zero uncertainty and ∆ 2 = −1 represents maximum uncertainty for which the estimator has been designed; i.e. γ = 0.4. It is obvious that as the uncertainty increases, the error covariance increases for both filter and smoother. However the error covariance of smoother is much less than the NGCF and also less sensitive to the uncertainty. Remark 1: The uncertainty region lies below the nominal value of β = 1 (see Fig. 2 ). Therefore ∆ 2 can only vary between 0 and −1.
E. Nonlinear simulation
Since the original model of the system is nonlinear, a nonlinear simulation has also been performed. A nonlinear Monte-Carlo simulation has been performed by collecting error samples during 50, 000 runs using Simulink. The nonlinear uncertainty is of the form sin(φ) − φ. The samples have been collected by running the simulation for a fixed time interval of 1 msec with sample time of 0.01 µ sec and with randomly generated noise signals. The error signal is collected at the end of the simulation. The error covariance for the simulation with the robust smoother is found to be 0.0605. In the case of nonlinear uncertainty a similar simulation with the NGCF in the feedback loop yields an error covariance of 0.1031 which is 41% larger than the error covariance obtained using the robust smoother.
V. CONCLUSION
In this paper the problem of nonlinear robust fixed lag smoothing has been considered for an uncertain system. The scheme proposed in this paper extends the design of a nonlinear guaranteed cost filter by using a continuous time fixed lag smoother. The scheme uses an uncertainty model for the system and provides a nonlinear robust smoother by considering a copy of nonlinear uncertainty in the estimator/smoother. The scheme is applied to a phase estimation problem of a quantum optical system. Simulation results with both linear and nonlinear simulations show that the robust smoother scheme improves the error covariance significantly and works better than the corresponding robust filter. Further research will be directed toward implementing the scheme on real hardware and performing experiments.
VI. ACKNOWLEDGMENTS
This research was supported by the Australian Research Council.
